
Low-scaling all-electron GW for periodic systems in the
numeric atom-centered orbital framework

Min-Ye Zhang1,2 Peize Lin1,3 Rong Shi1 Xinguo Ren1

1Institute of Physics, Chinese Academy of Sciences, China
2The Novel Materials Discovery Laboratory, Germany

3Institute of Artificial Intelligence, Hefei Comprehensive National Science Center, China

FHI-aims Developers’ and Users’ Meeting, Hamburg, Germany
June 11, 2026



GW method: quasiparticle band structure beyond KS eigenvalues

“Band-gap problem” in KS-DFT
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• KS-DFT gives useful orbitals, but KS eigenvalues
ϵKS
nk does not correspond to changed excitation.

• Electronic self-energy from one-shot GW

Σ(r, r′, ω) = i

∫
dω′

2π
G0(r, r′, ω′)W 0(r, r′, ω + ω′)

• Quasiparticle energies:

ϵQP
nk =ϵKS

nk +Re
{
⟨nk|Σ̂(ϵQP

nk )|nk⟩
}
− vxc,KS

nk

Tran et al. 2018; Cui et al. 2018; Golze et al. 2019
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Periodic G0W 0 in FHI-aims: an established reference

All-electron, full-potential NAO framework

• Benchmarked against LAPW+HLOs reference

• Efficiently parallelized over 18,000 cores

Practical bottlenecks

• Accuracy: 1e basis-set convergence, ...

• Efficiency: k-space canonical algorithm, χ0

and Σc scale as O(N4
aN

2
k ).

Can we keep the all-electron quality,
but reduce the scaling?

Blum et al. 2009; Ren, Merz, et al. 2021; Abbott et al. 2025

MY Zhang 2026-06-11 2 / 17



Low-scaling algorithm: space-time GW

Evalualtion in real-space and imaginary-time

χ0(r, r′, iτ) = −G(r, r′, iτ)G(r′, r,−iτ)

Σ(r, r′, iτ) =G(r, r′, iτ)W (r, r′, iτ)

✓ O(N3
a ), more favorable than O(N4

a )

✓ Slow convergence with time grids

× Slow convergence with time grids

× Require dense real-space FFT grids

× Storage of real-space Green’s function

Rojas et al. 1995; Steinbeck et al. 2000; Kaltak et al. 2014; Liu et al. 2016; Wilhelm et al. 2018; Azizi et al. 2023
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χ0(r, r′, iτ) = −G(r, r′, iτ)G(r′, r,−iτ)

Σ(r, r′, iτ) =G(r, r′, iτ)W (r, r′, iτ)

✓ O(N3
a ), more favorable than O(N4

a )

✓ Slow convergence with time grids

× Slow convergence with time grids

× Require dense real-space FFT grids

× Storage of real-space Green’s function

Efficient time-frequency transformation
using non-uniform minimax grids

argmin
{τj ,σj}

{
max
x,x′

∣∣∣∣∣ 1

x+ x′ −
∑
j

σje
−x|τj |e−x′|τj |

∣∣∣∣∣
}

∀x, x′ ∈ [etransmin , etransmax ]

Cosine transform for even function f

f̂ (iωk) =

N∑
j=1

γkj cos (ωkτj) f (iτj)

Rojas et al. 1995; Steinbeck et al. 2000; Kaltak et al. 2014; Liu et al. 2016; Wilhelm et al. 2018; Azizi et al. 2023
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Packing real-space grids with NAOs

Green’s function expanded by numeric atom-centered orbitals

G0(r, r′, iτ) =
∑
ij

∑
R,R′

φiR(r)G0
ij(R

′ −R, iτ)φjR′(r′) φiR(r) ≡ φi(r− tI −R)

Non-interacting response function

χ0(r, r′, iτ) =
∑
ijkl

∑
R,R′,R1,R2

φiR(r)φkR1
(r)φjR′(r′)φlR2

(r′)G0
ij(R

′ −R, iτ)G0
lk(R1 −R2,−iτ)

Localized resolution of identity, RI-LVL/LRI:

φiR(r)φkR1
(r) ≈

∑
µ∈I

CµR
iR,kR1

PµR(r) +
∑
µ∈K

CµR1

iR,kR1
PµR1

(r)

Blum et al. 2009; Ren, Rinke, et al. 2012; Ihrig et al. 2015
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Space-time formalism in NAOs under RI-LVL

Response function

Screened Coulomb

Correlation self-energy

χ0
UV(iτ) =

∑
I=U

∑
J=V

∑
KL

CU
IK [GIJ(iτ)GLK(−iτ) +GKL(iτ)GJI(−iτ)+

GIL(iτ)GJK(−iτ) +GKJ(iτ)GLI(−iτ)]CV
JL

W(q, iω) =
√
V(q)

[
ε̃−1(q, iω)− I

]√
V(q)

ε(q, iω) = I−
√
V(q)χ0(q, iω)

√
V(q)

Σc
IJ(iτ) = −

∑
KL

GKL

[∑
U=I

∑
V=J

CU
IKWc

UVC
V
JL +

∑
U=K

∑
V=J

CU
KIW

c
UVC

V
JL+

∑
U=I

∑
V=L

CU
IKWc

UVC
V
LJ +

∑
U=K

∑
V=L

CU
KIW

c
UVC

V
LJ

]
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K L

I J

−

+

G−
LK

G+
IJ

CU=I
IK CV=J

JL

K L

I J

GKL

WUV

CU=I
IK CV=J

JL

⇒
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Contraction pattern of Σc
IJ(iτ)

Σc
IJ(iτ) = −

∑
KL

GKL

[∑
U=I

∑
V=J

CU
IKWc

UVC
V
JL +

∑
U=K

∑
V=J

CU
KIW

c
UVC

V
JL+

∑
U=I

∑
V=L

CU
IKWc

UVC
V
LJ +

∑
U=K

∑
V=L

CU
KIW

c
UVC

V
LJ

]

K L

I J

GKL

WUV

CU=I
IK CV=J

JL

K L

I J

GKL

WUV

CU=K
IK

CV=J
JL

K L

I J

GKL

WUVCU=I
IK

CV=L
JL

K L

I J

GKL

WUVCU=K
IK CV=L

JL

Same as the non-local exchange operator Σx (Levchenko et al. 2015; Lin et al. 2020; Lin et al. 2021; Kokott et al. 2024).
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Complete workflow

LibRPA
C

µ(0)
i(0),j(R) {ϵnk, ψnk}

Vµν(q)

G0
ij(R,±iτ)

χ0
µν(R, iτ)

χ0
µν(q, iω)

W c
µν(q, iω)

W c
µν(R, iτ) Σc

ij(R,±iτ)

Σc
ij(k, iω) Σc

nn(k, iω)

Σc
nn(k, ω)

AC

ϵQP
nk

Zhang et al. 2026
10.1021/acs.jctc.6c00618
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Accuracy: time-frequency grids convergence
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• Most systems converge to results from
canonical algorithm within 10 meV
using 16 minimax points.

• Exceptions (tens-meV error with 32
points) are due to self-energy pole at
band edges.
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Accuracy: band-gap and band structure

Reference: canonical implementation in FHI-aims
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FHI-aims LibRPA

ΣIJ(k) =
∑

R∈{RBvK
IJ }

eik·RΣIJ(R)

Setup: 8 × 8 × 8 k-grid, intermediate_gw, 32/60 minimax/mGL grid points, Padé approximant for AC
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Efficiency: scaling over number of k-points
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• Expected O(N2
k ) in canonical algorithm

• Low-scaling one with O(Nk) outperforms
between 7× 7× 7 and 8× 8× 8

• 3x speed-up for k-grid 12× 12× 12

Silicon unit-cell, intermediate_gw basis, 16 time grids. 2 Intel Xeon(R) Platinum 8468 nodes (196 cores)
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Efficiency: scaling over system size
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Carbon super cell, light basis, Γ-only, 16 time grids. 4 Intel Xeon(R) Platinum 8468 nodes (392 cores)
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Efficiency: scaling over system size (total)
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Carbon super cell, light basis, Γ-only, 16 time grids. 4 Intel Xeon(R) Platinum 8468 nodes (392 cores)
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Efficiency: strong scaling

• Scales up to over 10,000 cores (parallel
efficiency ∼ 20%)

• Bottleneck: calculation of Green’s
function is not well distributed
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256 atoms, 24 threads per task
256 atoms, 48 threads per task
512 atoms, 24 threads per task
512 atoms, 48 threads per task

Carbon super cell, light basis, Γ-only, 16 time grids.
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LibRPA architecture

Dependencies

MPI ScaLAPACK greenX LibRI LibComm

LibRPA

Utilities
Matrix
Handling

Task
Management

Data
Dispatcher

...

Core/Physics Chi0 Exx G0W0 ...

Interface Driver API

DFT
program

Data: ϵnk, ψnk, C
µ
ij, Vµν ... Postprocess

Code structure

• Built on top of industry-standard
math/MPI libraries, as well as
purpose-built components

• Three-layer design
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LibRPA architecture

Dependencies

MPI ScaLAPACK greenX LibRI LibComm

LibRPA

Utilities
Matrix
Handling

Task
Management

Data
Dispatcher

...

Core/Physics Chi0 Exx G0W0 ...

Interface Driver API

DFT
program

Data: ϵnk, ψnk, C
µ
ij, Vµν ... Postprocess

Input files Output File-based interface

• “Generate once, run for all”

• Suitable for development with
small/medium-size systems

task = g0w0_band
input_dir = ../dataset
nfreq = 16
parallel_routing = libri
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LibRPA architecture

Dependencies

MPI ScaLAPACK greenX LibRI LibComm

LibRPA

Utilities
Matrix
Handling

Task
Management

Data
Dispatcher

...

Core/Physics Chi0 Exx G0W0 ...

Interface Driver API

DFT
program

Data: ϵnk, ψnk, C
µ
ij, Vµν ... Postprocess

Input files Output Application programming interface (API)

• Data parsing, computation and
postprocessing in one run

• Avoid file I/O

• Support C/C++/Fortran bindings

type(LibrpaHandler) :: h
type(LibrpaOptions) :: opts
call h%get_g0w0_sigc_band_k(opts, ...)

MY Zhang 2026-06-11 14 / 17



How to use LibRPA in FHI-aims

Build

- set(CMAKE_CXX_COMPILER "icpx")
- set(CMAKE_CXX_FLAGS "")
+ set(CMAKE_CXX_COMPILER "mpiicpx")
+ set(CMAKE_CXX_FLAGS "-std=c++17")
+ set(USE_LIBRPA ON)

Output: same as native backend

• QPE on k-grid in stdout

• QP bands in GW_band*.out

Input

xc pbe
relativistic atomic_zora scalar
qpe_calc gw_expt
frequency_points 16
anacon_type 1
k_grid 3 3 3

output gw_regular_kgrid
output k_eigenvalue 10000
output band ...
output band ...

+ mbpt_backend librpa

MY Zhang 2026-06-11 15 / 17



Summary & Outlook

• Added a low-scaling G0W 0 route in FHI-aims via external library LibRPA

• Retained canonical FHI-aims reference quality with reduced apparent scaling

N2
k →Nk N4

a →N2.7
a

• Enable statistically sampled large-supercell GW .

• Strengthen LibRPA: robustness, memory efficiency, and smoother workflows.

• Broaden applicability to diverse systems, e.g. low-dimensional materials.
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vim-aims-input

GitHub:minyez/vim-aims-input

• Vim 9 and Neovim

• Syntax (keywords) highlight

• Support {control,geometry}.in

• Keywords auto-completion

https://github.com/minyez/vim-aims-input
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